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Introduction

IN addition to being of fundamental interest, the finite length liq-
uid column (liquid bridge) has been utilized as a model for float

zones. With a microgravity environment available through the Space
Shuttle or rocket flights, opportunities for experimental efforts give
impetus to studies of liquid column fluid dynamics. Static stability
limits and equilibrium shapes of the finite length column are well
known.1 Studies of the static stability of a modified column have
been done, including determination of static stability limits for the
finite length column between coaxial, unequal radii end disks with
a body force directed along the longitudinal axis of the column2 and
for cases in which the end disks were not coaxial and/or a constant
body force was directed perpendicular to the longitudinal axis of
the column.3 These modifications act to reduce the column's static
stability limit.

The natural modes of oscillation of the finite length liquid
column have been determined. In a linearized, inviscid analy-
sis, natural frequencies were determined for axisymmetric4 and
nonaxisymmetric5 oscillations. Accompanying experimental work
verified the analytical results for a range of slenderness parameter
values for the two lowest axial modes4 and for the helical mode.5

In the present microgravity laboratories, the acceleration envi-
ronment can be above desired levels and can involve both steady
and time-dependent components. This situation has prompted stud-
ies of fluid column response to periodic forcing directed along the
column's longitudinal axis.6'7 The present work investigates the sta-
bility of a deformed finite length liquid column to time-dependent
perturbations. The deformed column shape is due to a steady body
force oriented normal to the column's longitudinal axis.

Formulation
Governing equations are conservation of mass and momentum.

The analysis is inviscid, linear, and incompressible. Time t and the
spatial variable x are nondimensionalized by RQ(RQp/y)1^2t = t
and R0x = x, respectively, with the tilde denoting a dimensional
quantity. Surface tension is given by y and density by p. The term
R0 is the radius of the undeformed, undisturbed liquid column. Ve-
locity u and pressure p nondimensionalize as (y/pRo)1/2u = u
and (y/Ro)p = p. Nondimensional equations (using cylindrical
coordinates) are

V - W = 0

3u-T-+U- V(w) = -Vp + BV[rcos(0)]
ot

(la)

db)
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The coefficient of the lateral forcing term is B = pGoR^/y, where
GO is the magnitude of imposed steady-state forcing. The term B
serves as a measure of deformation of the static column from a
circular cylinder; the larger B is, the more deformed the column.
Let the longitudinal axis of the column be aligned with the vertical
direction (z coordinate). The column is capped by two end disks,
considered fixed in space. The liquid does not spill over around the
top of the end disks. The shape of the column is that of a "bowed"
right circular cylinder. The larger the lateral forcing, the more the
liquid column will assume a bowed, "c" shape. The two end disks
that form the boundaries of the column in the vertical direction are
located at the nondimensional z value of ±A(= L/2Ro), where L
is a dimensional column length, and RQ is the dimensional radius of
a slice of the static column in a constant z plane. A typical column
radius is 0.5 cm, and a typical length is 2 cm.

Boundary conditions at the end disks are the anchored triple con-
tact line condition and zero normal velocity. At the liquid column
surface, the kinematic condition and normal force balance are im-
posed. Deformations must satisfy conservation of volume.

The magnitude of B is assumed small. A velocity potential is
defined. The system is perturbed about a state of zero mean mo-
tion with dependent quantities expanded in a series with expansion
parameter 8. Use of the velocity potential in Eq. (la) yields

V20 = 0 (2)

where <p is the velocity potential. This is solved in the cylindrical
domain of 0 < r < 1, 0 < 0 < 2n, and -A < z < A. Modifica-
tions due to the deformation appear in the interface conditions. The
solution that satisfies zero normal velocity on the end disks is

with Am>n the unknown coefficients and A, the unknown frequency.
The slenderness parameter A is (L/2/?0), with L the column length.
Larger values of A indicate more slender columns. The term Im (lnr)
is a modified Bessel function of order m\ln — (nn)/(2A), and n is
an integer.

Let the equilibrium free surface Fe be defined by

,t)] = 0 (4)

where £ is the time-dependent perturbation to the interface, and
OO 00

-EE'
m = 0 n = l *
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E

m = 0 n = 0
(5)
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The deformation of the free surface due to lateral, steady forcing is
given by terms that are multiplied by B. Unknown coefficients are
Hm,n, Gmin, and Em,n. The time-dependent perturbation in Eq. (4),
8 ? (0, z, t), generally does not satisfy the anchored triple contact line
condition on the end disks, which requires that f = 0. A tau approx-
imation will be used in the implementation of the spectral method.8
Both B and 8 are small; it is further assumed that 8 < B. The
function goioo is known and is {cos 0 (n2/2)[l - (z/A)2]} (Ref. 3).
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A Taylor series expansion about r = 1 transfers the surface at
which kinematic and normal force balance conditions are imposed
to the cylindrical surface at r = 1. In this linearized analysis, terms
that contribute are of order 8 and SB. Without the lateral forcing
and resulting deformation of the column from a circular cylindrical
shape, terms of order SB would not occur. The linearized kinematic
and normal force balance equations are

+2g ) •*»• *- (7)

where the subscript on goioo has been dropped for compactness.
This problem reduces to two subproblems.
1) In the odd subproblem, the time-dependent perturbations are

given by

.sin nnz\-r (8)

Clearly, the anchored triple contact line condition ?|Z=±A = 0 is
satisfied identically for fodd. Conservation of volume is

fodd dz d<9 = 0; B
p2n /»A

/ /
JO J-A

goioo fodd dz d0 = 0

m=()

(9)

These conditions are identically satisfied.
Expansions for {£0dd, </>} are substituted into Eqs. (6) and (7) and

orthogonality properties of Fourier series utilized. The partial dif-
ferential equations are transformed into an infinite system of al-
gebraic equations in the unknown coefficients Am^n - 1 and Hm,n
and eigenfrequencies Am>n. Orthogonality properties serve to select
the antisymmetric (with respect to z) contribution from 0. The mth
azimuthal modes couple to the (mil) modes as long as B ^0.
Nonaxisymmetry in 0 is intrinsic to the laterally forced (B ^ 0) col-
umn. Truncations of (WMAX, MMAX) are used; MMAX (ATMAX)
is the largest azimuthal m mode (number of axial modes) retained.
This truncation yields 2(AfMAX)(M MAX +1) algebraic equations,
half due to normal force balance, half to the kinematic condition.

2) In the even subproblem, time-dependent perturbations are

(10)

Development of the eigensystem proceeds similarly. Here, however,
the contact line condition at z = ±A is not identically satisfied. A
tau approximation8 is used, resulting in

(11)

for each m. Two additional constraints involving G0 and GI that re-
sult from conservation of volume appear. With truncation (MMAX,
A/MAX) and utilization of constraints to eliminate the Gm, an eigen-
system in {Am>2n, Em,n'> ^m,n] is formed. The contribution from $ is
due to terms that are even with respect to z. The number of axial
modes is (ATMAX + 1). The truncated system has [2(ATMAX + 1)
(MMAX + 1) - 2] equations; (AfMAX + 1)(MMAX + 1) orig-
inate from the normal force balance, the rest from the kinematic
condition. The mth azimuthal mode couples to (m ± 1) azimuthal
modes if B ̂  0.

Results
Eigenvalues of the truncated system were found for both even and

odd problems, using the subroutine RGG from the EISPAK library

(in double precision). Stability of the deformed column (B ^ 0) to
perturbations is determined by the real part of the eigenvalues; if
real (km,n) > 0, then the deformed column is unstable.

As a check on the numerics, the normal mode oscillation frequen-
cies were recovered for the undeformed column. With B =• 0, az-
imuthal modes decouple, motion is purely oscillatory, and eigenval-
ues represent natural frequencies of oscillation. For the odd problem,
the algebraic system represents the dispersion relation for modes of
the undeformed column that are antisymmetric about z = 0.

For the even problem, the situation is more involved since in
the B = 0 case the additional constraint involving GI (present in
the B 7^ 0 case) does not occur. It is necessary to formulate the
B = 0 case separately. The polynomial term in the feven expansion
remains necessary for convergence. Azimuthal modes decouple, and
oscillation frequencies of the undeformed column are recovered.

Eigenvalues (natural frequencies) of the oscillating undeformed
column were recovered to an accuracy of between three and four
significant digits, as compared against known values from the
closed-form dispersion relation.4 As system size was increased from
(1152)2 to (1998)2, accuracy did not improve. Although Fourier
series do not have as rapid convergence characteristics as, say,
Chebyshev polynomials,8 Fourier series do arise naturally in this
problem4-5 and proved to be better expansion functions.

The stability of both the even and odd problems was investi-
gated for a matrix of (B, A) values. Values of B = 0.05 and 0.005
were used; these correspond to acceleration levels on the order of
(10~3)gearth to (10~4)gearth (for nominal values of p, y, and R()). The
A values ranged from 1.80 to 3.00. (Smaller A values could require
a viscous analysis.) Results were checked at increasing truncation
values, with no change to stability results. [For the even problem,
maximum algebraic system size was (3118)2; for the odd problem,
maximum system size was (1920)2.] In each case, real (A.TO)W) > 0
occurred in the eigenvalue results. Thus, external steady lateral forc-
ing was found to be destabilizing for cases considered, i.e., the de-
formed column was found to be unstable to the time-dependent
perturbations; see Tables 1 and 2.

The inherent three-dimensionality with azimuthal mode coupling
may preclude the establishment of strictly oscillatory motion at B
levels used. Had the deformed column been found stable to the time-
dependent perturbations, oscillatory motion could have ensued. For
the undeformed (B = 0) column, motion is oscillatory, and a
balance exists between surface tension/curvature effects and pres-
sure perturbations. This balance is upset for the deformed (B ̂  0)
column.

An investigation of deformed column stability at smaller B levels
taxed the limits of the numerics; further investigation would have
required greater computational resources. Also, it is possible that
inclusion of viscous effects (which would require a new formulation)
could result in stability in some cases.

Table 1 Representative eigenvalues: even

B = 0.05 B = 0.005

1.8
2.0
2.2
2.4
2.6
2.8
3.0

(1.22,7.42)
(1.23,7.97)
(0.11,16.59)
(0.24, 14.81)
(0.15, 15.41)
(0.91,14.73)
(0.77, 17.09)

(0.28, 17.08)
(0.12, 16.82)
(0.86, 16.08)
(0.48, 15.96)
(0.13, 15.85)
(0.90, 13.55)
(0.29, 8.93)

Table 2 Representative eigenvalues:
even and odd (B = 0.005)

A Even Odd

1.8
2.0
2.2
2.4
2.6
2.8
3.0

(0.28, 17.08)
(0.12, 16.82)
(0.86, 16.08)
(0.48,15.96)
(0.13,15.85)
(0.90,13.55)
(0.29, 8.93)

(0.11,23.46)
(0.03, 26.82)
(0.56,11.98)
(0.15, 10.82)
(0.04,21.68)
(0.75, 20.81)
(0.05,13.51)
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Introduction

MODERN launch vehicles employ large forces for better con-
trol performance that result in significant elastic excitation of

the lightly damped launch vehicle. These responses cause excitation
to pay load, corrupt the feedback sensor signal, and produce large
dynamic bending moments on the structure. Recently the author
considered the effect of trajectory accelerations and found signifi-
cant changes in the free- vibration behavior of launch vehicles.1'2 In
the present study, the author analyzes the effects of control pulse
duration and trajectory accelerations on the overall elastic response
of typical launch vehicle geometry.3 Accelerations at the tip and
the maximum dynamic bending moment are obtained for different
values of pulse duration in such a way that total momentum of the
pulse is constant. The vehicle is modeled as a stepped beam of con-
stant property segments. Transverse vibration of such beams can be
adequately modeled using the Euler-Bernoulli beam theory.2

Formulation and Solution
The elastic response of a lightly damped structure can be ade-

quately obtained using the mode superposition approach4 as fol-
lows:

w(x, 0
00 j f t

= V^ — /
V ^ -h

Fr - r)] sin cor(t - r) dr

(1)
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where cor is undamped natural frequency, £r is equivalent viscous
damping, and Fr(r) is excitation force in rth mode. The modal
solution is obtained from the free-vibration equations given by

(2)

Here, y/ [=(pA)/o>2L4/(E/)/](1/4) is the dimensionless frequency
parameter for the ith segment. Variable jc/ (=Xi/L0) takes values
from 0 to Lt (=L,-/L0) for all segments, where L, is the length of
each segment and <z/ (=P/ L2/E/0) is the nondimensional axial iner-
tia force parameter due to trajectory acceleration. A new frequency
parameter A for the complete vehicle is defined as

A4 = [(pA)0a>2L4
0/(EI)0] (3)

where pA0 is the average mass per length and EI0 is the maximum
bending rigidity. The general solution1 of Eq. (2) can be written as

i = Af / + (4)

where A/, #,, C/, and A, are arbitrary constants and A-i and A2 are
roots of characteristic equation for each segment and are obtained
as

(5)

(6)

Enforcing boundary conditions at two ends and continuity condi-
tions between N segments on displacement, slope, bending moment,
and shear force results in a total of 4N conditions for 4N unknowns
and a 4N x 4N characteristic determinant whose zeroes give the
natural frequency A. The corresponding normalized modes are ob-
tained by substituting eigenvalue in the characteristic equations.1
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Fig. 1 Structural configuration of a typical launch vehicle.
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Fig. 2 First three vibration mode shapes of the launch vehicle.


